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The purpose of this paper is to determine the Schur indices of the characters 
of the 10 known sporadic simple groups of order less than one billion. Cornpu- 
tational methods have been used to reduce this problem to consideration of afew 
characters ofsome of the smaller groups. The results show that all characters 
have Schur index less than or equal to 2. 
Among the known simple groups of order less than one billion (see [4]) 
are 10 sporadic groups, namely the 5 Mathieu groups, 3 Janko groups, the 
Higman-Sims group, and the McLaughin group. In this paper, the Schur 
indices of the characters of these sporadic groups are determined. Throughout, 
m(x) will denote the Schur index of x over the rational field Q. 
THEOREM. Let x be an irreducible character ofone of the following simple 
groups: M,, , MI, , M,, , M,, , Mza , Ja, HaJ, H JM, His, McL. Then m(x) = 1 
unless x is one of the following: the character of HaJ of degree 336; the character 
of HJM of degree 816; the character ofMcL of degree 4752; the character of 
McL of degree 3520 which takes the value of -64 on an involution. Each of 
these 4 characters is rational-valued and has Schur index 2. Furthermore, these 
characters correspond to the rational quaternion division algebras which are non- 
split at the following pairs of primes: 2 and 3; 2 and 3; 3 and CO; and 5 and co, 
respectively. 
The notation used is standard. Character tables of the Mathieu groups can 
be found in G. D. James [7]. Character tables for the Janko groups were given 
by Janko [8] for Ja and [9] for HJM, and by M. Hall and D. Wales [6] for HaJ. 
The character table for HIS can be found in J. S. Frame [SJ. Professor F ame 
also provided the author with an unpublished induce-restrict tables for HiS 
with subgroup Mw . A character table for McL was provided to the author 
by L. Finkelstein. 
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1. EVALUATION OF THE SCHUR INDEX 
In order to eliminate thneed of individually considering each of the characters 
of the groups studied ingreat detail, nduce-restrict multiplicities with characters 
of subgroups are repeatedly used. For each group, an induce-restrict able
has been constructed fora certain selected subgroup. Each table gives the 
multiplicites when a character is estricted to the subgroup and decomposed 
into irreducible constituents. In the accompanying tables, subgroup characters 
are listed bydegree across the columns while group characters a elisted by
row. Rational-valued characters a eindicated by underlining. Characters with 
Schur index 2are denoted by asterisks. Computer programs were used to verify 
the necessary character ables and to calculate th induce-restrict ablevalues. 
This process was done twice, with two different se s of computer programs 
and data, in order to assure accuracy. Computations were done by the author 
using the facilities of theTulane Computing Center. 
The following elementary result, together with the induce-restrict ables, is 
sufficient to determine most of the Schur indices investigated in this paper. 
(1.1) Let x be an irreducible character of G and let H _C G. If there exists an
irreducible character 0 of H such that m(0) = 1, (xH , 19) = 1, and Q(e) C Q(x), 
then m(x) = 1. 
The difficult evaluations f Schur indices inthis paper are done locally, 
over p-adic fields. In case that x has Schur index 1over the p-adic field Q, , 
then xis said to split a p. If x fails tosplit a p, then p is referred to as a bad 
prime for x. Hyperelementary groups play a role in determining badprimes 
for a character x. The following consequences of the Brauer-Witt Theorem 
is applied several times in later sections. 
(1.2) Suppose that m(x) = 2 and x is non-split at an odd prime p. Then 
there xists a 2-hyperelementary subgroup H and a character 0 of H such that 
m(8) = 2, (x,, ,0) is odd, and the Sylow p-subgroup ofH does not lie in the 
kernel of8. 
An additional useful fact, found in [3], states that if m = m(x), then Q(X) 
contains the m-th roots of unity. Inparticular, if Q(x) is a quadratic extension 
of Q and (-1)li2 and (-3)r/” donot lie in Q(X), then m(x) < 2. This fact is 
referred to several times in later sections. 
2. THE MATHIEU GROUPS 
Let A&, denote apoint stabilizer n n/17,, . The group M,, is simple and is 
isomorphic to PSL(3,4). Once the Schur indices ofM,, and M,, are shown 
to equal 1, then induce-restrict ables (Tables 14) can be used to determine 
the remaining Schur indices for the Mathieu groups. For each of the remaining 
481/58/z-18 
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TABLE 1 
Induce/Restrict Table for M,, with Subgroup M,, 
***** 1 10 - 
1 1 0 
1; 1 1 
ii 0 0 
16 0 0 
16 0 0 
45 0 0 
54 0 1 
55 0 1 
55 0 0 
55 0 0 - 
66 0 0 - 
99 0 0 
120 0 0 
144 0 0 
176 0 0 
10 
- 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
0 
0 
10 11 16 16 44 45 55 - - - - 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 1 0 0 0 0 0 
0 0 1 0 0 0 0 
0 0 0 1 0 0 0 
0 0 0 0 0 1 0 
0 0 0 0 1 0 0 
0 0 0 0 0 1 0 
0 0 0 0 0 0 1 
0 1 0 0 1 0 0 
0 I 0 0 0 0 1 
0 0 0 0 1 0 1 
1 0 0 0 0 1 1 
0 0 0 0 1 1 1 
0 0 1 1 1 1 1 
TABLE 2 
Induce/Restrict Table for Mz2 with Subgroup Mzl = L(3,4) 
***** 1 20 35 35 35 45 45 63 63 64 - - - - - - 
1 
2; 
45 
45 
55 
99 
G-4 
iii 
iii - 
1 0 0 0 0 0 0 0 0 0 
I 1 0 0 0 0 0 0 0 0 
0 0 0 0 0 1 0 0 0 0 
0 0 0 0 0 0 1 0 0 0 
0 1 0 0 I 0 0 0 0 0 
0 0 0 0 1 0 0 0 0 1 
0 1 1 1 0 0 0 0 0 1 
0 1 0 0 0 0 0 1 1 1 
0 0 1 1 1 0 0 1 1 0 
385 0 0 1 1 1 1 1 1 1 1 - 
280 0 0 0 0 0 1 1 1 1 1 
280 0 0 0 0 0 1 1 1 1 1 
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TABLE 3 
Induce/Restrict Tablefor M,, with Subgroup Mel 
***** 1 21 45 45 55 99 154 210 231 385 280 280 - - ------ 
1 
22 
45 
45 
230 - 
231 
231 
231 
253 - 
710 
770 
896 
896 
990 
990 
1035 
2024 
10 0 0 0 0 0 0 0 0 0 0 
11 0 0 0 0 0 0 0 0 0 0 
0 0 10 0 0 0 0 0 0 0 0 
0 0 0 10 0 0 0 0 0 0 0 
0 10 0 10 10 0 0 0 0 
0 10 0 0 0 0 10 0 0 0 
0 0 0 0 0 0 0 0 10 0 0 
0 0 0 0 0 0 0 0 10 0 0 
0 0 0 0 0 11 0 0 0 0 0 
0 0 0 0 0 0 0 10 0 11 
0 0 0 0 0 0 0 10 0 11 
0 0 0 0 0 0 0 0 111 0 
0 0 0 0 0 0 0 0 11 0 1 
0 0 10 0 0 0 0 0 111 
0 0 0 10 0 0 0 0 111 
0 0 0 0 10 11110 0 
0 0 0 0 0 1111 2 11 
groups, the induce-restrict table with the next smaller Mathieu group shows 
that the hypothesis of (1 .l) is satisfied for each character. Therefore ach 
character ofthe Mathieu groups has Schur index 1. 
First consider the characters ofMI, . The characters ofodd degree are 
rational-valued and hence each has Schur index 1. The rational-valued character 
of degree 10 lies in the permutation character ofdegree 11, so it has Schur 
index 1. There are 2 other characters ofdegree 10, x and x, with Q(X) = 
Q((-2)r9. Let S be a Sylow 2-subgroup of M,, . Then S is semi-dihedral 
and has a faithful character (Y of degree 2 such that m(a) = 1 and 
Q(a) = Q((-2)9. An easy computation shows that either (xs , a) = 1 or 
(xs , &) = 1. Hence it follows that m(x) = m(x) = m(a) = 1. 
Let 4 and 4 be the characters of degree 16 of MI, and let # be the character 
of degree 44. Since Q(4) = Q((-11)r/2) and Q($) = Q, then by [3] each of 
these characters has Schur index at most 2. Let x lie in MI, with o(x) = 5 
and let N = N((x>). Since x is rational nd (x) is self-centralizing, the  N is 
a semidirect product of (x) by an element of order 4. Furthermore, N has a 
faithful character p of degree 4 such that Q@) = Q and m(p) = 1. Calculations 
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show that (&, B> = (& , B) = 3 and (#,,, , 9) = 9. Thus m(+) = m(B) = 
m(#) = m(/3) = 1. Hence each character of IWrr has Schur index 1. 
A character of Ma, generates one of the fields Q,Q(51/2), or Q((-7)r12), 
so it has Schur index <2 by [3]. Thus a character of odd order has Schur 
index 1. There are only 2characters of even degree. The character of degree 20 
lies in the permutation character of degree 21, so it has Schur index 1. Let 
!$ denote the remaining character, which is rational-valued of d gree 64. Let y 
denote an element of order 3. Since y is rational and 1 C(y)1 = 9, then y is 
contained ina subgroup H which is dihedral oforder 6. Let y be a faithful 
character of H. Then Q(r) = Q and m(r) = 1. Furthermore, (& , y) = 2 1, 
so m(4) = 1. Hence each character of M,, has Schur index 1. 
This completes the proof that each character of the Mathieu groups has 
Schur index equal to 1. 
3. THE JANKO GROUPS 
The centralizer of aninvolution n Ja is isomorphic to a direct product of 
Alt(5) and 2, . Let A denote this group. Since ach character of an alternating 
group has Schur index I, then the same is true for A. Table 5 shows that he 
TABLE 5 
Induce/Restrict Table for Ja with Subgroup AIt(5) *Z, 
****** 1 1 4 4 5 5 3 3 3 3 - - - - - - 
1 1 0 0 0 0 0 0 0 0 0 
7; 2 1 2 2 5 3 1 1 2 2 
133 2 1 5 5 7 5 2 2 3 3 - 
209 2 1 7 I 9 9 5 5 5 5 - 
133 0 1 4 4 5 6 4 4 4 3 
II 0 1 3 3 2 3 2 3 2 2 
77 0 1 3 3 2 3 3 2 2 2 
133 0 1 4 4 5 6 4 4 3 4 
16 2 1 3 2 4 3 1 1 2 2 
76 0 1 2 3 2 3 3 3 2 2 
56 1 1 2 2 2 2 1 2 1 2 
56 1 1 2 2 2 2 2 1 2 1 
120 1 1 4 4 5 5 3 3 3 3 
120 1 1 4 4 5 5 3 3 3 3 
120 1 1 4 4 5 5 3 3 3 3 
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restriction of each non-principal character of Ja contains the non-principal 
linear character of A with multiplicity 1. Hence each character of Ja has Schur 
index 1. 
The centralizer C(/)of a non-central involution n HaJ and in H JM is a 
split extension fan elementrary g oup of order 32 by Alt(5). A character 
table for C(J) is given in [9]. The group C(j) contains a ubgroup isomorphic 
to A. The induce-restrict able(Table 6) for C(/) and A shows that he 
hypothesis of (1.1) issatisfied for all characters of C(j) except for the characters 
of degree 16 and 24. Let 8 denote the character of degree 16 and let I/ denote 
the character of degree 24. Both characters a erational-valued, and by the 
Frobenius-Schur o nt of involutions, bothhave real splitting fields. 
Let x be an element oforder 3in C(j) and let H = N((x)). Then H = (x)T 
where T is a dihedral group of order 16 and T contains elements which invert x.
Let 5 be a faithful character of H. Then ((1) = 4 and Q(t) = Q. A 3-modular 
irreducible constituent /3 ofc is a faithful irreducible character of T. Thus 
Q(p) = Q(2l/“). By [2], the 3-local Schur index of [ equals /Q&3) : Qs 1 = 
1 Q3(29 : Q3 1 = 2. Th e F b roenius-Schur fo mula shows that 6splits over R. 
Since a rational-valued character must have 2 bad primes, then 5 must also 
TABLE 6 
Induce/Restrict Table for C(j) with Subgroup AZt(5) *Z, 
**** 1 1 4 4 5 5 3 3 3 3 - - - - 
1 1 0 0 0 0 0 0 0 0 0 
s 0 0 0 0 1 0 0 0 0 0 
4 0 0 1 0 0 0 0 0 0 0 
i 0 0 0 0 0 0 1 0 0 0 
3 0 0 0 0 0 0 0 1 0 0 
20 0 0 1 0 2 0 1 1 0 0 
lo 1 0 1 0 1 0 0 0 0 0 
lo 0 0 1 0 0 0 1 1 0 0 
3 1 0 1 0 0 0 0 0 0 0 
15 0 0 1 0 1 0 1 1 0 0 
3 0 0 0 0 1 0 0 0 0 0 
5 0 0 0 0 1 0 0 0 0 0 
8 0 1 0 1 0 0 0 0 1 0 
8 0 1 0 1 0 0 0 0 0 1 
*16 0 0 0 0 0 2 0 0 1 1 
ii 0 0 0 2 0 2 0 0 1 1 - 
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fail to split at 2. A calculation shows that (0,) S) = 3, so m(8) = m(f) = 2. 
Furthermore, it follows that 2and 3 are the bad primes for 8. 
The group H is maximum (up to conjugates) as a 2-hyperelementary sub- 
group of C(J) containing a  element of order 3 and 5 is the only character 
of H with Schur index 2. A calculation sh ws that (#H , 5) = 4. Hence by (1.2), 
(cr must be split at 3. Furthermore, a maximal 2-hyperelementary subgroup 
containing a  element of order 5has order 20 and has no characters with Schur 
index 2. Hence Q must also be split a 5 by (1.2). That leaves only the prime 2
as a possible bad prime. Since 4 is rational-valued, then m(#) = 1. Thus C(J) 
has exactly one character with Schur index 2. 
The induce-restrict ables (Tables 7 and 8) for HaJ and H JM with C(j) 
show that each character satisfies the hypothesis of (1.1) with the exception 
TABLE I 
Induce/Restrict Table for Ha J with Subgroup C(J) 
***** 1 5 4 3 3 20 10 10 5 15 5 5 8 8 1% 24 - - - ----- 
11000000000000000 
3610 10 0 0 0 110 0 0 110 0 
~1010012010001101 
- 
160 1 0 1 0 0 1 2 1 2 1 0 0 2 2 0 2 
225 0 0 0 0 0 2 2 0 12 11112 3 
288 0 1 1 0 0 3 2 1 1 2 1 1 1 1 2 4 
300 0 1 0 0 0 3 0 1 0 3 2 2 0 0 4 4 
63 0 110 0 10 10 0 0 0 0 0 0 1 
126 0 2 0 0 0 2 1 0 0 0 1 1 0 0 2 1 
70 0 0 0 0 0 0 0 1110 0110 1 
70 0 0 0 0 0 0 0 1110 0 110 1 
175 0 0 1 1 1 3 0 1 0 1 0 0 0 0 2 2 - 
224 0 0 1 0 1 2 1 2 1 2 0 0 1 2 1 3 
224 0 0 1 1 0 2 1 2 1 2 0 0 2 1 1 3 
1410 0 0 0 0 0 010 0 010 0 0 
11 0 0 0 0 0 0 010 0 0 010 0 
210 0 0 10 0 0 10 0 0 0 10 0 0 
210 0 0 0 10 0 10 0 0 0 010 0 
*336 0 2 0 1 1 4 2 2 0 2 1 1 1 1 3 4 - 
189 0 0 0 1 0 2 1 1 0 2 0 0 1 1 2 2 
189 0 0 0 0 1 2 1 1 0 2 0 0 1 1 2 2 
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TABLE 8 
Induce/Restrict Table for H]M with Subgroup C(J) 
***** 
1 
324 
323 
323 
1938 
1938 
646 
646 
2154 
* 816 - 
3078 
2432 
1140 
1215 
1215 
1615 
85 
85 
1920 
1920 
1920 
1 5 4 3 3 20 10 10 5 15 5 5 8 8 l+k - - - --- -- - 
100000000000000 
112003222211222 
111103222211222 
111013222211222 
1 5 4 3 3 20 11 10 5 15 5 5 8 9 16 
1 5 4 3 3 20 11 10 5 15 5 5 9 8 16 
011126252611345 
011216252611435 
1 5 6 5 5 28 13 16 7 23 6 6 12 12 22 
002228262811447 
0 8 6 5 5 32 14 17 7 25 8 8 12 12 26 
1 7 4 4 4 26 12 12 5 19 7 7 9 9 22 
2 4 3 1 1 12 10 4 5 7 3 3 6 6 8 
2 5 3 1 1 13 8 5 4 8 4 4 5 5 10 
2 5 3 1 1 13 8 5 4 8 4 4 5 5 10 
2 5 4 2 2 18 10 6 5 11 5 5 6 6 14 
010001100011001 
010001100011001 
1 5 4 3 3 20 10 10 5 15 5 5 8 8 16 
1 5 4 3 3 20 10 10 5 15 5 5 8 8 16 
1 5 4 3 3 20 10 10 5 15 5 5 8 8 16 
24 
0 
4 
4 
4 
24 
24 
8 
8 
35 
10 
39 
30 
14 
15 
15 
20 
1 
1 
24 
24 
24 
of the character x of degree 336 of HaJ and the character 4 of degree 816 of 
HJM. Both of the characters a erational-valued and (xCcJ) , 0) = 3 and 
(&-tJ) , 0) = 7. Hence m(x) = m(4) = m(O) = 2. Furthermore, 2 and 3 are 
the bad primes for these characters, and the rational division algebra corre- 
sponding to each of these characters is the rational quaternion algebra with 
non-zero Hasse invariants a  2 and 3. 
4. THE HIGMAN-SIMS GROUP 
The H&man-Sims group HiS contains M,, as a subgroup of index 100. 
It follows from Table 9 that he hypothesis of (1.1) is satisfied except in the 
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TABLE 9 
Induce/Restrict Table for HiS with Subgroup M22 
***** 1 21 45 45 55 99 154 210 231 385 280 280 - - ------ 
1 
2s 
77 
175 - 
231 - 
1056 
825 - 
770 - 
1925 
1925 
3200 
1408 
2750 
1750 
693 
154 
1386 
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154 
154 
710 
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896 
896 
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case of the character x of degree 2520. This character isrational-valued, and 
by the Frobenius-Schur count of involutions, x plits over the reals. Elements 
of order 7 and I1 in HiS are self-centralizing. Thus if H is a 2-hyperelementary 
subgroup of HIS with order divisible by 7 or 11, then a character ofH must 
have Schur index 1. Hence x splits at7 and 11 by (1.2). Table 9 shows that x
contains a character 0 of degree 280 in M,, with multiplicity 1. Since 
Q(0) = Q((- 1 l)l/s) and m(e) = 1, then x splits in Q((- 1 l)l/“). Since 
Qs((-11)1/2) = Qs and Q5((-1 1)1/2) = Qs , then x splits at3 and 5. The only 
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remaining prime divisor is2, so x must also split a 2. Therefore each character 
of HIS has Schur index equal to 1. 
The induce-restrict ablefor Aut(HiS) with HiS is given by Frame [5]. It 
follows that (1.1) issatisfied for each character of Aut(HiS). Thus each character 
of Aut(HiS) has Schur index 1. 
5. THE MCLAUGHLIN GROUP 
The McLaughlin group contains U(4, 3) as a subgroup of index 275. The 
group U(4,3) is isomorphic to the commutator subgroup Gr+ of the central 
quotient group G, of the unitary reflection group [3 2 113. The character 
table of Gr is given in [7] and there it is shown that each character hasSchur 
index 1. A character able of U(4,3) is given by Todd [lo]. Since 1Gr : G,+ 1 = 2, 
then each character of G,+ is contained with multiplicity 1 n the restriction 
of a character of Gr . Except in the case of the rational-valued character 8 of 
degree 560 of Gr+, the corresponding character of Gr generates hesame field. 
Thus each character of G,+ has Schur index 1, except possibly for 8. By the 
Frobenius-Schur count of involutions, 6 does not have a real splitting field. 
Hence indeed m(0) = 2. In G, , 6 extends to a character which generates the 
field Q((-3)l’“). Thus B splits inQ((-3)1/2). Since Q,((-3)‘/“) = Q, , then 0 
splits at7. The elements ofG,+ of order 5are self-centralizing. Thus if H is a 
2-hyperelementary group of order divisible y 5, then the characters of H
must have Schur index 1. Hence by (1.2) 0 splits at5 also. Thus the remaining 
bad prime for Bmust be either 2 or 3. It is shown below that 3is that bad prime. 
It follows from the induce-restrict table (Table 10) for McL with subgroup 
U(4, 3) that he hypothesis of (1.1) issatisfied except in 2 cases. The exceptions 
are the character 4 of degree 3520 (with value -64 on involutions) a d the 
character x of degree 4752. These characters a erational-valued. By the 
Frobenius-Schur o nt of involutions, neither x nor + has a real splitting field. 
Thus m(x) = v@) = 2. 
Let H denote a subgroup ofMcL isomorphic to U(4,3) and let 01 be a character 
of H of degree 280. Then Q(a) = Q((-3)1/2), and from Table 10, (x,, , a) = 
(&, , a) = 1. Thus both x and $ split nQ((-3)rj2). Since Q,((-3)li2) = Q, , 
then xand 4 split a 7. Let /3 be a character of H of degree 640. Then &(,!I) = 
Q((-7)‘/“) and(xH , p) = (& , /I) = 1. Thus both xand + split nQ((-7)1/a). 
Since Q2((-7)‘/“) = Q2 and Qrr((-7)l/“) = Qrr , then both x and $ split a 2 
and at 11. The remaining possible bad primes for xand + are 3 and 5. 
Let 6’ be the character of H mentioned above. Then (xH, 0) = 1 so x and 0 
have the same bad primes. Therefore 3 and co are the bad primes for xand 8. 
Let x be an element of McL of order 5with 1 C(x)] = 2 . 3 . 53. Then x is 
rational so aSylow 2-subgroup T of N((x)) has order 8. Let K = (x)T and 
let # be a faithful character of K. Then 4(l) = 4, # is rational-valued, and 
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(+K, t/b) = 359. Thus m(+) = m(#) = 2, and also C# and # have the same bad 
primes. Since the only possible bad primes for # are 2, 5, and co, then (b and $ 
fail to split exactly at 5 and CO. 
This completes the determination of the Schur indices for sporadic simple 
groups of order less than one billion. 
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